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We study superconductivity in a Weyl semimetal with broken time-reversal symmetry and sta-
bilized by a point-group symmetry. The resulting superconducting phase is characterized by topo-
logically protected bulk nodes and surface states with Fermi arcs. The topological invariant gov-
erning the system is calculated using changes in eigenvalues of the point-group operator along
high-symmetry momentum lines. We show that this invariant is determined by the Fermi surface
topology of the Weyl semimetal. We discuss the effect of surface orientation and C4-breaking strain
as possible experimental consequences.
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I. INTRODUCTION
The discovery of topological phases in non-interacting
electron band structures has resulted in a wealth of
interesting new systems1–5. For materials with fully
gapped bands, it is possible to define a topological in-
variant that determines the number of protected surface
states6–8 and the quantized value of response functions
such as the Hall conductivity in integer quantum Hall
systems1,9 or the magnetoelectric effect in strong topo-
logical insulators10,11. The invariant underlies the precise
quantization of these response functions and the robust-
ness of the surface states, since its value does not change
as long as the bandgap does not close.
In addition to fully gapped insulators and supercon-
ductors, however, topological phases can occur in gap-
less systems when the bulk nodal structures are them-
selves protected12,13. This occurs in Weyl semimetals,
where the bulk bands touch at separated pairs of points
in the Brillouin zone known as Weyl nodes. In 3d, these
nodes are robust to gap-opening perturbations. They be-
have like monopoles of Berry curvature and can only be
removed by pairwise annihilation when two nodes with
oppositely charged monopoles merge14,15. The magni-
tude of the monopole is the topological invariant un-
derlying a pair of Weyl nodes, and is determined by
the Berry flux through a closed 2d surface in momen-
tum space that encloses a single node. Similar to the
bulk invariant in gapped topological phases, the bulk
Weyl nodes are manifested physically as surface states
displaying Fermi arcs and an anomalous Hall effect16.
Weyl nodes have been proposed to exist in the A phase12
of 3He and recently in several materials including py-
rochlore iridates15,16, topological insulator-ferromagnet
multilayers17,18, and HgCr2Se4
19,20.
In superconductors, nodal topological phases have also
been found in certain time-reversal-invariant (TRI) ma-
terials whose bulk gap closes at nodal lines or rings in mo-
mentum space21–23. CePt3Si is one such noncentrosym-
metric superconductor in which spin-orbit coupling is
proposed to result in a mixed singlet-triplet pairing. The
stability of line nodes in this material has been attributed
to a non-trivial topological invariant of a 1d loop in mo-
mentum space enclosing the nodal line. The system has
surface states with unusual flat bands in a certain range
of momentum determined by the bulk line nodes.
In this work we extend the understanding of topolog-
ical phases in nodal superconductors to systems with
point nodes that break time-reversal symmetry24–27.
Specifically we study a superconducting model with
double-Weyl nodes (with monopole strength of 2) and
protected surface states displaying Fermi arcs. The
model consists of a double-Weyl semimetal stabilized by
C4h point-group symmetry, and superconducting pairing
terms that preserve the point-group symmetry. To argue
that the nodes and surface states are protected, we de-
rive a topological invariant for the superconductor. For
a Weyl phase the calculation has two steps: find each
pair of bulk nodes, and sum the corresponding Berry
monopoles. We derive a simple way to carry out each
step using changes in the symmetry eigenvalues along
high-symmetry momentum (HSM) lines in the Brillouin
zone.
Interestingly, we find that the invariant for the super-
conducting Weyl nodes is determined by the Fermi sur-
face topology of the normal state. Fermi surface topology
studies have been previously used to characterize fully
gapped, TRI superconductors28–31. For example, the Z2
invariant of a gapped, odd-parity TRI superconductor is
determined by the number of TRI momenta enclosed by
the Fermi surface28,30,31. We extend these Fermi surface
studies to the time-reversal-breaking gapless structure of
Weyl phases. The method is applied to a superconduct-
ing system whose pairing vanishes on HSM lines, as the
C4-invariant pairings do. In this case, finding bulk nodes
in the superconductor becomes equivalent to finding the
intersections of HSM lines with the Fermi surface of the
parent material. Therefore an invariant describing the
existence and type of bulk nodes becomes a statement
about the Fermi surface topology.
In Sec. II, we argue based on symmetry considerations
that Weyl nodes are stable in 3d, time-reversal-breaking
superconductors. We also prove that robust invariants
2can be constructed from symmetry eigenvalues even in
the presence of bulk nodes. In Sec. III, we present a
model for a C4h-invariant double-Weyl semimetal. Pair-
ing terms that respect this symmetry are calculated in
Sec. IV, as well as surface states of the resulting Weyl
superconductor. In Sec. V, we derive an expression for
the topological invariant of the superconducting Weyl
phase. The result is applied to another class of C4h-
invariant Hamiltonians and generalized to systems with
Cn in Sec. VI. Finally we give experimental signatures in
Sec. VII.
II. SUPERCONDUCTORS WITH POINT
NODES
A. Stability of Weyl Nodes in Superconductors
We argue that Weyl nodes are stable in superconduc-
tors that break TRS by considering symmetry classes.
Weyl nodes are pairs of bulk gap-closing points that are
topologically protected. For a 2-band model in a 3d sys-
tem, the Hamiltonian near the Weyl nodes can be written
as H = vxpxσ
x+ vypyσ
y± vzpzσz . The ± in front of the
last term indicates that the two nodes have opposite chi-
rality. Any further perturbation commutes with at least
one term in the Hamiltonian, and thus can only shift the
location of the nodes but cannot open a gap. The exis-
tence of Weyl nodes requires either time-reversal symme-
try (TRS) or inversion to be broken, and in this work we
consider systems without TRS.
Weyl nodes are topological defects in momentum
space. Similar to vortices in real space, they may an-
nihilate pair-wise but are individually robust. It is desir-
able to find a topological invariant underlying a pair of
Weyl nodes analogous to the vorticity of a vortex pair.
Because of the presence of bulk nodes, a topological in-
variant cannot be well-defined over the full 3d Brillouin
zone. Instead it is useful to consider a lower dimensional
subset of the Brillouin zone that surrounds the nodal
region. Since the subset is chosen by design to avoid
the nodes, the system constrained to the subset is fully
gapped. A topological invariant is defined on this lower
dimensional subset so that a non-trivial value of the in-
variant indicates enclosed nodes. The robustness of this
invariant ensures that the nodes cannot be eliminated ex-
cept across quantum phase transitions. Gapless phases
are therefore protected by topological invariants of lower
dimensional subsets that enclose the nodal region.
Topological phases have been classified into a periodic
table that predicts the invariants allowed for a given spa-
tial dimension and symmetry class. We use this clas-
sification to first review the topological nature of TRI
superconductors with nodal lines, then analyze super-
conductors with point nodes. In TRI superconductors,
the Hamiltonian on generic subsets of the Brillouin zone
breaks both TRS and particle-hole symmetry (PHS).
However the Hamiltonian satisfies a chiral symmetry de-
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FIG. 1: (a) (Color online) A nodal line (blue) may be enclosed
by a 1d loop (black) in momentum space. Topologically non-
trivial nodal lines are protected by a 1d topological invariant
defined on the enclosing loop, and are accompanied by the
zero-energy states of the non-trivial 1d system. (b) A point
node (blue) can be enclosed by a 2d surface (black), and is
therefore protected by a non-trivial 2d invariant. The associ-
ated surface states are the linearly dispersing mid-gap states
corresponding to a topologically non-trivial 2d system.
fined as the product of TRS and PHS, and thus belongs
to symmetry class AIII which has a non-trivial integer-
valued invariant4 in 1d. Nodal lines can be surrounded by
a 1d loop in momentum-space and are protected by the
1d invariant (Fig. 1(a)). Furthermore the surface states
of the superconductor correspond to the non-trivial edge
states on the 1d momentum subset, which are zero-energy
states. These flat surface bands may seem surprising in
a 3d system, but should be thought of as the edge modes
of the 1d topological phase that is protected by the nodal
line21–23.
Next we turn to superconductors with Weyl nodes and
show the stability of those that break time-reversal. Weyl
nodes are point nodes that are enclosed by a 2d subset
of the Brillouin zone (Fig. 1(b)). Class AIII has no non-
trivial 2d topological invariant, so point nodes are unsta-
ble in TRI superconductors. For this reason, breaking
inversion while preserving TRS is insufficient for a Weyl
superconductor, though of course it is possible that ad-
ditional symmetries may stabilize it.
For superconductors that break TRS, the Hamiltonian
on generic subsets of the Brillouin zone again breaks TRS
and PHS. In this case there is no additional chiral symme-
try, so the Hamiltonian on the subsets belongs to class
A. The existence of a 2d topological invariant in class
A makes Weyl nodes in TRS-breaking superconductors
stable. The surface states correspond to the edge states
of non-trivial 2d systems in class A, which are chiral and
have linear dispersion. We verify this for the model stud-
ied in Sec. IV. Weyl nodes in superconductors breaking
TRS therefore do no need additional symmetries to be
stabilized. Our argument is in agreement with a previous
microscopic calculation25 showing that superconducting
Weyl nodes are unstable in TRS systems but stable when
TRS is broken. In this work we use certain point-group
symmetries to express the corresponding topological in-
variant in a simple way, though they are not necessary
for the existence of the nodes.
3B. Role of Fermi Surface Topology
We now show that symmetry eigenvalues can define a
topological invariant even in the presence of generic bulk
gap closings. Consider a two-band model
h0 = d1σ
x + d2σ
y + d3σ
z (1)
where dm are functions of momentum k, and σ
m are
Pauli matrices in a basis of spin, orbital, or spin-orbit-
coupled degrees of freedom. A point group operator η
for a Cn, or n-fold, rotation about the z- axis maps k
to Uk = (kx cos
2pi
n − ky sin 2pin , kx sin 2pin + ky cos 2pin , kz).
In this work we consider a C4h symmetry consisting of
a combined 4-fold rotation about the z-axis and mirror
reflection about the xy-plane, which take (kx, ky, kz) to
(ky,−kx,−kz). A system that preserves this symmetry
obeys
ηh0(k)η
† = h0(Uk). (2)
Without loss of generality, consider the case where the
point-group operator is represented by σz . This leads to
the following contstraints on the coefficients of the Pauli
matrices:
d1(Uk) = −d1(k) , d2(Uk) = −d2(k) (3a)
d3(Uk) = d3(k) (3b)
We define high-symmetry momentum (HSM) points Γa
as points in momentum space left invariant under the
symmetry operator: UΓa = Γa. Evaluating Eq. 3a at
HSM gives d1,2(Γa) = −d1,2(Γa), which implies that d1
and d2 vanish there. At these special points, the Hamil-
tonian takes the form
h0(Γa) = d3(Γa)σ
z , (4)
with energy eigenvalues E(Γa) = ±|d3(Γa)|. The Hamil-
tonian at HSM commutes with the symmetry operator,
so each energy band can be characterized by eigenvalues
of the symmetry operator, νi:
ν(Γa) = −sgn d3(Γa) . (5)
The eigenvalue ν(Γa) changes sign only when d3(Γa) goes
to 0, ie, when the energy gap closes at one of the HSM.
The product of symmetry eigenvalues, χ =
∏
a ν(Γa),
can be used to define phases as regions of constant χ
separated by gap closings at Γa. Since the ν(Γa) are
defined only at HSM Γa, they do not change when the
gap closes at non-high-symmetry points. Therefore χ is a
robust invariant even in the presence of bulk gap closings,
as long as they occur away from Γa.
In addition to defining a robust invariant for nodal
systems, the symmetry eigenvalues can be used to detect
and classify the nodes themselves. Consider rotation-
invariant momentum lines, for example k⊥ = (kx, ky) =
pi
pi
z
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k
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FIG. 2: Typical C4 eigenvalue configurations for (a) an in-
sulator and (b) a Weyl semimetal. The white (black) circles
represent ν = +1 (−1). The invariant χk⊥ is the ratio of ν
at kz = 0 to ν at kz = pi for fixed k⊥. A value of χ|k⊥ 6= 1
indicates a bulk node (represented here by a cross) along the
line k⊥. For the semimetal, χpi = −1, indicating a node along
the (kx, ky) = (pi, pi) line.
(0, 0) or (π, π) for C4-invariant systems. Along a fixed
k⊥, unequal values of ν at kz = 0 and kz = π indicate
that the gap has closed at some value of kz in between.
Formally this difference is expressed as
χ|k⊥ =
∏
n
νn(k⊥, k⊥, 0)
νn(k⊥, k⊥, π)
. (6)
This quantity is an invariant within each phase, and a
value different from unity indicates the presence of a node
(Fig. 2). In Sec. V, we will show that the specific value
of χk⊥ determines the Berry monopole strength of the
nodes, for example 2 for double-Weyl nodes.
This argument also applies to a superconductor with
protected bulk nodes. Here we show that examining sym-
metry eigenvalues at fixed k⊥ is equivalent in certain su-
perconductors to studying the Fermi surface topology.
Consider a point-group symmetric Weyl semimetal, and
add pairing that respects the symmetry. The Hamilto-
nian of the superconductor is
H = H0(k) + µτ
z +∆(k) , (7)
where H0(k) corresponds to the single-particle Hamilto-
nian h0 from Eq. 1 after Bogoliubov-de-Gennes (BdG)
doubling, µ is the chemical potential, ∆(k) is the pair-
ing matrix, and τ i are the Pauli matrices in the elec-
tron and hole basis. As before, both d1(Γa) and d2(Γa)
are required to vanish by the underlying point-group
symmetry. Additionally we consider pairing terms that
vanish on rotationally-invariant momentum lines. C4h-
invariant pairings satisfy this constraint, as will be shown
in Sec. IV, however the following argument applies to any
pairing term that goes to zero along high-symmetry lines.
This leaves two non-zero terms in the Hamiltonian at Γa:
d3(Γa) and µ. The chemical potential commutes with the
spin and orbital degrees of freedom represented by σm.
At HSM, the energy bands are
E(Γa) = ± [d3(Γa)± µ] . (8)
4As a result of the simplified form of H at the HSM, we
can again define an invariant in terms of symmetry eigen-
values
ν′(Γa) = −sgn [d3(Γa)± µ] . (9)
The eigenvalues change sign when the bulk gap closes
at HSM, analogous to the semimetal. The key differ-
ence is that the gap-closing occurs at d3(Γa) = 0 in the
semimetal and d3(Γa) = ±µ in the superconductor. For
superconductors whose pairing vanishes on rotationally-
invariant momemtum lines, the latter condition has a
simple physical meaning in terms of the normal (non-
superconducting) material. It marks the intersection of
the parent Fermi surface with the rotationally-invariant
momentum lines. Therefore bulk nodes in this type of su-
perconductor are equivalent to intersections of HSM lines
with the parent Fermi surface. Analogous to Eq. 6, an
invariant χ|k⊥ is now written in terms of eigenvalues of
the superconducting system, Eq. 7. As in the semimetal
case, χ|k⊥ is different from unity in the presence of bulk
nodes, and the exact value of χ|k⊥ determines the Berry
monopole associated with the bulk nodes. The relation
between χ|k⊥ and the bulk invariant describing Weyl
nodes is the focus of Sec. V.
This argument does not depend on the specific form of
the pairing term, other than that it vanishes at HSM. In
this sense the result is similar to previous work studying
the effect of odd-parity pairing on topological insulators,
where the topological invariant is determined by Fermi
surface topology28–31. For example, the strong 3d index
is equal to the number of enclosed TRI momenta modulo
228,30,31. Weak indices are found using intersections of
the Fermi surface with HSM, which for TRS are planes
at ki = π
28,30. This is analogous to the invariants we con-
struct using Fermi surface intesections with HSM lines to
study Weyl nodes protected by a weak topological insu-
lator phase.
III. DOUBLE-WEYL SEMIMETAL
We first discuss the properties of a double-Weyl
semimetal with C4h-symmetry before considering pair-
ing. We use the basis states | 32 32 〉 and |S,− 12 〉, or equiv-
alently |cpx+ipy,↑〉 and |cs,↓〉. These basis states are both
eigenstates of angular momentum with Jz =
3
2 and − 12
respectively. Physically this is due to strong spin-orbit
coupling, which couples lattice rotations to rotations in
spin space. Under a C4 rotation about the z-axis, the
orbitals transform as px+ ipy → −i(px+ ipy) and s→ s.
Additionally the spin ↑ and ↓ pick up factors of e∓ipi/4
respectively. Putting both phases together, the C4h op-
erator in this basis has the form e−
3pii
4 σzU(π/2), where U
maps (kx, ky, kz) to (ky,−kx,−kz). There are four HSM
defined by kx = ky = 0 or π and kz = 0 or π.
Using this basis, we consider a 2-band Hamiltonian
following a derivation for HgCr2Se4
19:
h0 =(cos kx − cos ky)σx + sin kx sin kyσy
+ (m− cos kx − cos ky − cos kz)σz (10)
This model preserves a combined C4 and Mz symmetry
but breaks time-reversal symmetry, making it a 3d class
A system. As expected when the symmetry operator
proportional is to σz , the coefficients in front of σx and
σy vanish at HSM. Eq. 10 has bulk gap closings in a
certain range of m: when 1 < m < 3, the nodes are
at (kx, ky, kz) = (0, 0,±k0), where k0 = cos−1(m − 2).
Similarly for −3 < m < −1, the nodes are at (π, π, π±kpi)
for kpi = cos
−1(m+2). 1 < |m| < 3 therefore corresponds
to a phase with two distinct nodes that merge at the
phase boundaries.
To see that this is a Weyl phase, we expand the Hamil-
tonian near the two nodes using ~k = (δkx, δky, k0 + δkz)
for m > 0 (the m < 0 case proceeds similarly):
h0 ≈ −1
2
δk2−σ
+− 1
2
δk2+σ
−±
√
1− (m− 2)2δkzσz (11)
where k± ≡ kx ± iky and σ± ≡ σx ± iσy. The ± in
front of the last term in Eq. 11 indicates that the two
nodes have opposite chirality. The Hamiltonian near the
gapless points is quadratic in kx and ky. These two facts
indicate that for 1 < |m| < 3, the model has double-Weyl
nodes.
A robust invariant for the Weyl semimetal cannot be
defined over the full 3d Brillouin zone because of the
presence of nodes at two values of kz . However fixing kz
at a value away from the Weyl nodes results in a fully
gapped 2d system for which a well-defined invariant does
exist. As kz is swept through various values, a change in
the 2d invariant indicates a Weyl node. The magnitude
of the change is equal to the strength of the associated
Berry monopole. In the Weyl phase (eg, −3 < m < −1),
the 2d invariant is C = 2 in between the Weyl nodes
π− kpi < kz < π+ kpi, and C = 0 otherwise. The change
in Chern number, |∆C| = 2, is the topological invariant
protecting the double-Weyl phase.
Apart from a few exceptions32,33, a non-zero value of
a topological invariant is accompanied by robust surface
states. We now show that 2d slices at fixed kz where
C = 2 have two chiral mid-gap states per surface, while
those in the C = 0 range of kz have no surface states.
This momentum-dependant manifestation of the bulk-
boundary correspondence results in the unusual Fermi
arcs on Weyl surfaces. We consider surfaces parallel to
the xz−plane and calculate the spectrum of states local-
ized in the y−direction as a function of kx for various
values of fixed kz . A previously derived method
34 ex-
presses the existence of surface states as well as their
dispersion in terms of parameters of the bulk Hamilto-
nian h0 (Eq. 10). Using this method, it can be shown
that the surface states exist in the following range of kz:
|1
2
(m− cos kz)| < 1 . (12)
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FIG. 3: (a) Phase diagram of the model Hamiltonian Eq. 10
for m ≥ 0 (the phases are symmetric about m = 0). For the
insulating phases, the Chern number is well-defined over the
full Brillouin zone and takes the values C = 2 and C = 0
for the topological and trivial phases respectively. For the
double-Weyl semimetal phase, the invariant is the difference
in Chern number on 2d momentum space slices separated by
a Weyl node, ∆C = 2. (b) Energy bands of the double-Weyl
semimetal with open boundaries in the y-direction at fixed
kz = pi and m = −2. For this value of kz there are two chiral
states per surface, indicating a topological invariant equal to
2.
This indicates that surface states exist when |m| < 3.
Note that the range of mass m resulting in a Weyl
semimetal, 1 < |m| < 3, is only a subset of the param-
eter space allowing surface states. The model therefore
has more than one type of topological phase. The other
phase, at |m| < 1, is a weak topological insulating phase
(Fig. 3(a)).
For a value of kz satisfying Eq. 12, the energy of the
surface states can be found analytically34 to be
E(kx) = ±
[
cos kx − 1
2
(m− cos kz)
]
. (13)
Fig. 3(b) shows both bulk and surface bands of the Weyl
semimetal at kz = π. There are two chiral states per sur-
face, with degeneracies at kx = π± cos−1[(m+1)/2]. As
kz changes, the surface state degeneracies shift accord-
ing to Eq. 13 until finally they merge at the Weyl nodes,
kz = π ± kpi. As kz is increased further into the region
where C = 0, there are no surface states at all. Fig. 4
shows a plot of the Fermi surface at E = 0 for m = −2.
The dashed lines are two Fermi arcs terminating at the
double-Weyl nodes. The bulk-boundary correspondence
can therefore be formulated in Weyl phases as an equiv-
alence between the number of robust Fermi arcs and the
Berry monopole strength of the bulk Weyl node. The
0 Π2 Π
3 Π
2 2 Π
kx0
Π
2
Π
3 Π
2
2 Π
kz
FIG. 4: Fermi arcs for m = −2. The dashed line corresponds
to a C4-invariant system, which has two Fermi arcs beginning
and ending at the two double-Weyl nodes. The two nodes
split into four double-Weyl nodes when a C4-breaking term
is added, and the Fermi arcs (solid lines) terminate at these
four nodes. In this case, it is clear that the Fermi surface is
comprised of open arcs.
Fermi arcs arise because the surface states only exist for
the range of kz between the two Weyl nodes. The Weyl
semimetal owes its existence to the topological insula-
tor in this region. As m approaches ±1 or ±3, the two
nodes approach one another and the range of kz with
C = 2 shrinks. It vanishes entirely at the phase bound-
aries when the Weyl nodes merge, and further changes in
m result in a fully gapped phase.
The double-Weyl nodes can be thought of as two
single-Weyl nodes with ∆C = 1 that have merged and
are kept together by C4-symmetry
20. If C4 is broken, for
example by adding the term a0σ
x to Eq. 10, each double-
Weyl node splits into two single-Weyl nodes. Note that
the Chern number C is still 2 for kz between the Weyl
nodes, indicating that the topological properties of the
surface states are robust to C4-breaking terms. The sur-
face spectra shift so that the Fermi arcs terminate at the
four single-Weyl nodes, seen as the solid lines in Fig. 4.
Now it is clear that they are two disconnected arcs. The
role of the point-group symmetry is to stablize multi-
Weyl nodes in this model, but the topological phase it-
self does not depend on this symmetry for its existence.
As we showed in Sec. II A, a 3d Hamiltonian in class A
can support Weyl nodes without the need for additional
symmetries. The motivation for considering point-group-
symmetric models in the present work is that the sym-
metry makes evaluating the invariant easier.
IV. C4-INVARIANT PAIRING
We turn to a superconductor with Eq. 10 as its kinetic
term and pairing that preserves C4h. To be particle-hole
symmetric, the Hamiltonian H must satisfy
ΞH(k)Ξ† = −HT (−k) , (14)
6where Ξ is the PHS operator. For a general Hamiltonian
of the form
H =
(
he(k) δ(k)
δ†(k) hh(k)
)
and Ξ = τx, PHS requires
hh(k) = −hTe (−k) , (15a)
δ(k) = −δT (−k) . (15b)
The kinetic part of the Hamitonian becomes
H0 =(cos kx − cos ky)σxτz + sin kx sin kyσy
+ (m− cos kx − cos ky − cos kz) σzτz + µτz .
(16)
C4h symmetry is expressed as
ηH(kx, ky,−kz)η† = H(ky ,−kx,−kz) . (17)
In the full electron-hole basis, the C4h operator has the
form
η =


e−
3pii
4
e
pii
4
e
3pii
4
e−
pii
4


=
−1√
2
U(
π
2
) (σz + iσzτz) (18)
We find four pairing terms that satisfy both PHS and
C4h, Eqs. 15b and 17:
∆1 = ∆0 (sin kxτ
x − sin kyτy) , (19a)
∆2 = ∆0 (sin kxσ
xτx − sin kyσxτy) , (19b)
∆3 = ∆0 sin kz (sin kxσ
yτx − sinkyσyτy) , (19c)
∆4 = ∆0 (sin kxσ
zτx − sin kyσzτy) . (19d)
The full Hamiltonian is H = H0 + ∆i. The Hamilto-
nian for the C4h-invariant superconductor is a four-band
model with nodes shifted from the single-particle Weyl
nodes to (0, 0,± cos−1(m−2±µ)) or (π, π, π±cos−1(m+
2 ± µ)). Since all of the C4h-invariaint pairings vanish
along C4-invariant momentum lines, they cannot open a
gap at the superconducting nodes.
As a first check on the protected nature of the super-
conducting nodes, we show that they are robust to gap-
opening in the same way as the single-particle nodes. The
protection of the latter arises from the observation that
a node of a two-band model written in terms of 3 Pauli
matrices requires tuning 3 independent parameters. In
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FIG. 5: Surface spectrum and Fermi arcs with pairing term
∆2 at m = −2. (a) Surface bands at fixed kz = pi for
∆0 = 0.4. Comparison with Fig. 3(b) shows that pairing
causes each single-particle surface state to split into two. The
number of surface states, in this case 4, is protected by the
bulk topological invariant of the superconducting system. (b)
There are four Fermi arcs, in contrast to the two arcs in
the absence of pairing (Fig. 4). The splitting of each pair
of surface states increases with ∆0. (c) shows Fermi arcs at
∆0 = 0.6.
3d, the momenta provide a means to use up all possi-
ble mass terms, allowing for robust nodes. A four-band
model can be written in terms of five mutually anticom-
muting 4× 4 matrices, suggesting that Weyl behavior is
possible in d = 5. However the nodes in our d = 3 model
are protected as a result of the form of the kinetic part
of the Hamiltonian, Eq. 16. It can be shown that no ma-
trix anticommutes with all three terms of H0. Any term
added to H0 commutes with at least one term, which at
most shifts the Weyl node.
The superconducting Weyl nodes are associated with
surface states, and we present the spectrum with pair-
ing ∆2 (Eq. 19b) as a representative example. Fig. 5(a)
shows the energy eigenvalues for H = H0+∆2 with open
boundaries in the y-direction. The model parameters are
the same as those in Fig. 3(b): m = −2, and kz = π.
Comparing with Fig. 3(b) shows that pairing splits each
of the two surface states into two, by an amount that
grows with ∆0. The spectra for ∆3 and ∆4 are similar,
while ∆1 results in two pairs of doubly degenerate surface
states. The splitting (or lack thereof) can be understood
as the response of the semimetal surface states to pertur-
bations. Each pairing matrix commutes with at least one
term in H0 and shifts the energy eigenvalues accordingly.
For the pairing in our example, [∆2, σ
zτz ] = 0, and the
7corresponding bulk energies are written as
E22 =(cos kx − cos ky)2 + (sin kx sin ky)2
+
[
m−
∑
i
cos ki ±∆0
√
sin2 kx + sin
2 ky ± µ
]2
.
(20)
∆2 enters the energy spectrum as two momentum-
dependent perturbations of opposite sign,
±∆0
√
sin2 kx + sin
2 ky, to the σ
zτz term in H0. A
constant perturbation a0σ
zτz shifts the surface states,
in opposite directions for opposite signs of a0. The
effect of ∆2 is to shift the surface states in opposite
directions and cause a splitting proportional to ∆0, as
seen in Figs. 5(b)-5(c). The same explanation applies to
the effect of ∆3 and ∆4. However ∆1 enters the bulk
energy spectrum as a perturbation to the σy term. It
can be shown that adding a constant perturbation a0σ
y
leaves the surface states unshifted, and this qualitatively
explains the two-fold degeneracy of the surface states
with ∆1.
V. CALCULATION OF THE
SUPERCONDUCTING INVARIANT
The superconducting Weyl nodes and surface states
studied in the previous section are protected by a bulk
topological invariant. We now calculate this invariant
using changes in symmetry eigenvalues along HSM lines.
We first derive a formula for the invariant for a semimetal
in Sec. VA and then extend the analysis to a supercon-
ductor in Sec. VB.
A. Semimetal Invariant
For a 3d system with C4 symmetry in the xy−plane,
the Chern number C at a fixed value of kz is given up to
a gauge by
e
ipi
2
C =
∏
n∈occ
ξn(0, 0, kz)ξn(π, π, kz)ζn(0, π, kz) , (21)
where ξ and ζ are C4 and C2 eigenvalues respectively
20.
Eq. 21 provides a simple way of computing the 2d invari-
ant for any fixed value of kz away from a node. Unequal
values of C for two different kz indicate Weyl nodes. Ac-
cording to the argument presented in Sec. II B, the nodes
can be detected directly via changes in symmetry eigen-
values along HSM lines, ie at fixed k⊥ = (kx, ky) rather
than kz, as in Eq. 21. We now prove that these changes
determine the type of Weyl node as well. The advantage
of this alternative formula is that it brings to light the
role of the parent material’s Fermi surface topology in
the superconducting case. From Eq. 21, the change in
Chern number ∆C between kz = 0 and kz = π is
e
ipi
2
∆C =
∏
n∈occ
ξn(0, 0, 0)ξn(π, π, 0)ζn(0, π, 0)
ξn(0, 0, π)ξn(π, π, π)ζn(0, π, π)
. (22)
The eigenvalues of the C4 and C2 operators take the form
eipis/2 and eipir respectively, where s and r are integers.
Two values of ξ(ζ) can be compared using their ratio,
eipi(sa−s2)/2 ≡ eiθ(eiφ). For convenience we define θk⊥
as the phase difference of two eigenvalues ξ at the same
kx = ky = k⊥. Substituting these forms into Eq. 22 gives
e
ipi
2
∆C = eiθ0eiθpieiφ .
The expression for ∆C is
∆C =
1
π/2
(
φ+
∑
k⊥
θk⊥
)
. (23)
The invariant for a C4-invariant Weyl semimetal is thus
determined by the relative phase of the symmetry eigen-
values across the node. Eq. 23 computes the invariant in
two steps. (1) Nodes are detected via changes in ξ or ζ.
Along lines of fixed kx and ky, the eigenvalues ξ and ζ can
only change when the bulk gap closes at some interme-
diate kz. Therefore a non-zero value of any of the phase
changes θk⊥ or φ indicate a bulk node. (2) The Berry
monopole strength is the sum of phase changes in ξ and
ζ. Eq. 23 shows how C4-symmetry permits both single-
and double-Weyl nodes. In models where ξ changes be-
tween +1 and −1, θk⊥ = π and ∆C = 2 (double-Weyl).
On the other hand single-Weyl nodes may occur when ξ
changes between +1 and i, resulting in θk⊥ = π/2 and
∆C = 1.
We apply this result to the double-Weyl model stud-
ied in Sec. III. For the Hamiltonian h0 in Eq. 10, the C4
operator was found to be proportional to σz. C2 = C
2
4 is
then proportional to the identity, so the two bands have
the same inversion eigenvalue. In this section, ζ(0, π, kz)
can therefore be set to 1 and dropped from the expres-
sions. Define high-symmetry momenta (HSM) of the C4h
operation as Γa = (k⊥, k⊥, kza), where k⊥ and kza can
be 0 or π independently. Evaluating the Hamiltonian at
HSM gives h0(Γ0) = (m− 2 cos k⊥ − cos kza)σz , with C4
eigenvalues ξ(Γa) = −sgn(m − 2 cos k⊥ − cos kza). We
use this expression to calculate the invariant in Eq. 23 at
representative values of m.
At m = 2,
k⊥ = 0 : ξ(0, 0, 0) = 1 , ξ(0, 0, π) = −1 ⇒ θ0 = π ,
k⊥ = π : ξ(π, π, π) = −1 , ξ(π, π, π) = −1 ⇒ θpi = 0 .
Substituting θ0 and θpi into Eq. 23 gives ∆C = 2, indi-
cating a double-Weyl semimetal at m = 2. The non-zero
value of θ0 additionally shows that the nodes occur along
the k⊥ = (0, 0) line. Repeating this for m = 4 gives
k⊥ = 0 : ξ(0, 0, 0) = −1 , ξ(0, 0, π) = −1 ⇒ θ0 = 0 ,
k⊥ = π : ξ(π, π, π) = −1 , ξ(π, π, π) = −1 ⇒ θpi = 0 .
8Now ∆C = 0, indicating an insulator at m = 4. We
can determine the type of insulator by evaluating Eq. 21
at any value of kz . All such 2d slices at m = 4 have
C = 0, so this phase is a trivial insulator. Repeating
this exercise at m = 0 shows an insulator with C = 2
at all values of kz, corresponding to a topological insula-
tor. The phase diagram in m (Fig. 3(a)) shows that the
Weyl semimetal interpolates between trivial and topolog-
ical insulator phases.
B. Superconducting Invariant
The invariant for a C4h-symmetric superconductor
with Weyl nodes can be similarly written in terms of sym-
metry eigenvalues. To evaluate the invariant for Eq. 16
(independent of the choice of ∆i), we must find an appro-
priate symmetry operator28,31. The operator η˜ is chosen
to satisfy four constraints: (1) it is a symmetry operator
of the Hamiltonian, η˜H(k)η˜† = H(Uk); (2) its eigenval-
ues ξ˜ are defined only at HSM of the C4h symmetry; (3)
ξ˜ takes only the values of the single-particle C4h opera-
tor; and (4) When the gap closes, ξ˜ changes by the same
phase as in the single-particle case. Eg, ξ˜ must switch
sign for the basis used in Eqs. 10 and 16. The C4h oper-
ator in the BdG basis, Eq. 18, satisfies constraints (1-3)
but not (4). Of the other natural choices, σz and σzτz ,
σzτz is the only one that meets all the requirements.
Once the appropriate symmetry operator is identified,
calculating the invariant is simply a 4-band version of
the method derived in Sec. VA. The superconducting
invariant is the sum of any phase changes in symmetry
eigenvalues along HSM lines:
∆CSC =
1
π/2
(
φs +
∑
k⊥
θs,k⊥
)
, (24)
where φs and θs,k⊥ are defined for the superconducting
system as φ and θk⊥ are for the semimetal. As before,
a non-zero value of either φs or θs,k⊥ indicates a bulk
gap-closing. Additionally it is equivalent to intersections
of HSM lines with the parent material Fermi surface in
a superconductor with pairing that vanishes along those
lines. Weyl phases in a C4h-symmetric superconductor
can therefore be characterized by the number of Fermi
surface intersections of the parent material. Using η˜ =
σzτz gives ∆CSC = 4, in agreement with the four chiral
surface states seen in Fig. 5(a).
VI. ADDITIONAL CASES
Up to this point, we have studied a 2-band model with
C4 eigenvalues of opposite sign. The other possibility
16
is for a relative phase of π/2, so that the C4 and C2
operators have the form
C4 =
(
1
i
)
, P = C24 =
(
1
−1
)
. (25)
Semimetal Insulator
Trivial
0 1 3
m
Single−WeylSemimetal
Single−Weyl
(x2)
FIG. 6: Phase diagram of the model Hamiltonian Eq. 26 for
m ≥ 0 (the diagram is again symmetric about m = 0). Both
nodal phases contain single-Weyl nodes. The 0 < m < 1
phase has two single-Weyl pairs and therefore an invariant
∆C = 2. For 1 < m < 3, ∆C = 1, consistent with one
pair of single-Weyl nodes. The trivial nature of the insulating
phase is confirmed by calculating the Chern number C = 0
according to Eq. 10.
An example of a 2-band model invariant under C4h in
this basis is
h0 = α sin kyσ
x + α sinkxσ
y
+ (m− cos kx − cos ky − cos kz)σz . (26)
h0 has nodes at (0, 0,± cos−1(m − 2)) for 1 < m < 3
and (π, π, π ± cos−1(m + 2)) for −3 < m < −1. Addi-
tionally, there are two sets of nodes at (0, π,± cos−1m)
and (π, 0,± cos−1m) for |m| < 1. Near the nodes for
1 < m < 3, h0 has the form
H ≈ αδkyσx + αδkxσy ±
√
1− (m− 2)2δkzσz (27)
indicating that these are single Weyl nodes. The other
nodes show similar behavior.
We can again use Eq. 21 to calculate invariants and
derive a phase diagram for this model. In this case, the
inversion eigenvalue must be included explicitly since it
varies between the two bands. For m = 2, this procedure
shows that ξ(0, 0, kza) changes from 1 to i, leading to θ0 =
π/2 and ∆C = 1. The latter indicates a single-Weyl pair.
At m = 0 where θ0 = θpi = 0 and φ = π. These phase
changes result in ∆C = 2. By C4-symmetry a single-
Weyl pair at k = (π, 0, cos−1m) must be accompanied
by another pair at k = (0, π, cos−1m), leading to an
invariant of 2. A phase diagram for this model is shown
in Fig. 6.
It is possible to find 4 C4h-invariant pairings in this
basis and show that they vanish along k⊥ = (0, 0) and
(π, π). The invariant for the resulting Weyl superconduc-
tor can be found by choosing an appropriate symmetry
operator and summing phase changes of its eigenvalues
across Fermi surface intersections.
The simple form of the invariant, Eq. 23, also makes it
possible to generalize to systems with Cn-symmetry. For
the case of C2, the Chern number is determined by the
product of inversion eigenvalues32,33. In terms of phase
changes φ, the invariant is
∆C =
1
π
∑
k2
φk2 , (28)
9where k2 is invariant under C2 (eg, kx = 0 and ky = π).
Similarly the Chern number of a C3-symmetric system is
given by the product of C3 eigenvalues
20. For α defined
as the change in phase of a C3 eigenvalue, the invariant
is
∆C =
1
2π/3
∑
k3
αk3 , (29)
where k3 are the C3−invariant momentum lines. Finally
the Chern number of a C6-symmetric model is the prod-
uct of a C2, C3, and C6 eigenvalue
20. It can be written
as
∆C =
1
π/3
(φ+ α+ β) , (30)
where β is the phase change of the C6 eigenvalue.
VII. EXPERIMENTAL SIGNATURES
Since the bulk density of states vanishes at the Weyl
nodes, the surface states dominate the density of states
near E = 0. Angle-resolved photoemission spectroscopy
or STS measurements are a direct way to probe the sur-
face Fermi arcs. The superconductor with double-Weyl
nodes has two pairs of arcs that split with ∆0 as seen in
Figs. 5(b)-5(c), and this may provide a way to measure
the strength of the pairing in the material.
An additional probe is the effect of strain that breaks
C4-symmetry. Under a strain that breaks C4-symmetry,
each double-Weyl node splits into two single-Weyl nodes
(Fig. 4). In the superconducting case, the Fermi arcs split
into four open pieces. The localized states also show a
strong dependence on the orientation of the surface. The
surface states shown in Figs. 3(b) and 5(a) are localized in
the y-direction. C4-symmetry implies the same behavior
for [100] surfaces. However no robust surface states exist
on [001] surfaces since there are no topologically non-
trivial 2d slices that include the kz-axis.
VIII. CONCLUSION
We have studied topologically protected point nodes
in superconductors that break time-reversal and pre-
serve C4 symmetry. An argument based on symmetry
classes shows that 3d time-reversal-breaking supercon-
ductors can support Weyl nodes with no additional sym-
metries, unlike TRI superconductors. We have used a
model with C4h symmetry that stabilizes double-Weyl
nodes and allows the topological invariant of the system
to be easily computed. The addition of pairing that obeys
the same lattice symmetry results in a superconductor
with two pairs of double-Weyl nodes. The topological in-
variant protecting this phase is calculated from changes
in symmetry eigenvalues along HSM lines. Additionally,
the expressions are generalized for systems satisfying Cn
symmetry.
The advantage of comparing eigenvalues along HSM
lines is that it provides insight into the role of the par-
ent Fermi surface. We have shown that when the pairing
terms vanish along C4-invariant momentum lines, point
nodes in the superconductor are equivalent to intersec-
tions of the HSM lines with the Fermi surface of the par-
ent material. The role of Fermi surface topology in deter-
mining topological invariants has been studied in gapped
TRI superconductors with odd pairing. We have shown
that it is similarly pivotal in gapless phases where the
invariant protects the nodal structure itself. This result
highlights the importance of Fermi surface topology in
the search for unconventional or odd-parity pairing.
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